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Abstract-The theoretical analysis about the influence of high concentration and large concentration 
gradients on the hydrodynamics and mass transfer in the approximations of the laminar boundary layer 
has been done. The results obtained show that the change in the density with the concentration influences 
the hydrodynamics in gases and liquids and does not influence the mass transfer in gases. The change in 
the viscosity with the concentration influences the hydrodynamics in gases and liquids and the mass 
transfer. The change in the diffusivity with the concentration does not influence the hydrodynamics and 
the mass transfer. It has been clearly seen that the non-linear theory on mass transfer at the constant values 
of density, viscosity and diffusivity has enough accuracy for gases and liquids, if the density of transferred 

substance is not sufficiently different from the density of the gas mixture. 0 1997 Elsevier Science Ltd. 

INTRODUCTION 

The influence of the large concentration gradients on 
the mass transfer kinetics and hydrodynamic stability 
of systems with intensive interphase mass transfer has 
been investigated in a number of papers [l-8]. It has 
been shown that under these conditions secondary 
flows are induced directed normally to phase bound- 
ary. They change the mass transfer rate and the critical 
Reynolds numbers for the transition from laminar to 
turbulent flow in the boundary layer. All these results 
were obtained assuming that the density, the viscosity 
and the diffusivity do not depend on the concentration 
of the transferred substance, i.e. only the effect of large 
concentration gradient was researched. Examining 
these cases one can find that the concentration of the 
transferred substance can be significantly high and 
this should lead to an additional effect, i.e. to the 
combined effect due to the effect of high con- 
centrations and the effect of the large concentration 
gradients. 

MATHEMATICAL MODEL 

The mathematical model considers mass transfer in 
the boundary layer in the case of a stream flow along 
a semi-infinite plate, without limitations to con- 
centration and its gradient. Under these conditions 
the mathematical model takes the following form [9] : 

y=o u=o 
MDp* 8 c 2)= _-- 

0 
- 

PO* ayp 
c = c* 

Y--W u = llg c = co (1) 
where p* = pz + MC* and p, /*, D depend on the con- 
centration : 

p = p(c) p = p(c) D = D(c). (2) 

The mass transfer rate can be expressed by the mass 
transfer coefficient. We will define this rate from the 
average diffusion flux, trough surface with the specific 
length I: 

1’ ac 
~=k(c*-co) =? s 0 / ay y=. dx. (3) 

The thickness of diffusion boundary layer in gases and 
liquids is of different order of magnitude. That is why 
we use different numerical algorithms. 

MASS TRANSFER IN GASES 

The thickness of laminar and diffusion boundary 
layers in gases is of the same order of magnitude, so 
one characteristic scale can be applied : 
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C 

D 
J 
k 
I 
SC 
Sh 
PC? 
24 
L’ 

concentration 
diffusivity 
mass transfer rate 
mass transfer coefficient 
specific length of the interface 
Schmidt number 
Sherwood number 
Peclet number 
velocity in x-direction 
velocity in y-direction 

NOMENCLATURE 

X coordinate 
Y coordinate. 

Greek symbols 
!J viscosity [N.s m-‘1 
P density [kg m-‘I. 

Indices 
0 initial values 
* on the interface. 

The problem (1) can be expressed in the terms of the 
following dimensionless variables : 

x=1x y=6,Y 

u=u,u o=u,~v C=C,+(c*-c,)C. (5) 

Introducing equation (5) into equation (1) leads to 
the following equations 

Y=O u=o v=-e,,, 

where 

Y-+cQ U=l c=o (6) 

MACn 
8, =- p8 4(1)41) P* = Poda) 

pg = p&(l) -MC* 

AC, zc*-_co SC=& 
POD, 

4 = 4(c) = PIP0 * = NC) = PIP”0 

w = w(C) = D/Do 

4(O) = 1 i/?(O) = 1 o(0) = 1. (7) 

The solution of the problem (6) can be obtained 
after introducing the similarity variables : 

’ l$U=W dV=-- 
2* 

(@‘r/-Q) C= F 

Hence, directly from equation (6) we can obtain the 
following : 

2Sc44W’+ @@W- &bWF 

+2Sc@(@-@$)@“F 

-2Sc4’(4Jlj’-24’l4)@‘F’* = 0 

2~oF”+2(~‘w+~‘~)F’Z,t(DF, = 0 

Q(O) = -W(O) W(0) = 0 W(a) = 1 

F(0) = 1 F(m) = 0 8 = 20, 
AC,+(~)-c*&(l) 

AC&(~) 

(9) 

The functions 4, ijj and w in equation (9) are set 
outwardly by spline approximations of experimental 
dependencies of p, p and D from c. For a wide range 
of gas mixtures these functions can be obtained with 
enough accuracy through a linear approximation 

4=1+pc $=1+/-X o=l+dC. (10) 

The introduction of equation (10) into equation (9) 
leads to following equations 

2Sc(l +pf12(l +pflWU+ (1 t-Pf12@@‘” 

-P(l +pE3@@‘F’+2Sc(l+pfl;)[p(l +pfl 

-p(1 +/ifl]WF’-2Sc&i(l +@,I 

-2P(l +pfi]@‘F’* = 0 

2(1 +pfl(1+6flF)F”+21p(l +BF) 

+6(1 +p&)]F’*+W = 0 

I-$p 
0 e = 2eo- 

1+p (11) 

The parameters p and p in equation (11) are small, 
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while D = 0. Omitting the square terms regarding Table 1. Comparison data for the momentum transfer 

small parameters p and ,ii leads to : (W(0)) and the mass transfer (F’(O)) at the high con- 
centrations (effects due to density (p # 0) and viscosity 

2Sc(l+2pF+pz9w”+(1+2pk3aw 

- pD@‘F’ + 2Sc(/Ii - P)WF’ = 0 

(p # 0)) and large concentration gradients (0 # 0) in gases 

SC = 1 
No. 0 P P W(0) -F’(O) 

2(1 +pF)F”+2/P+@F = 0 

O(O) = -eF(O) W(0) = 0 W(c0) = 1 

F(0) = 1 F(W) = 0. (12) 

The problem (12) can be solved conveniently using 
the following algorithm : 

(1) Determination of the zeroth approximations of 
@ and F by solving the boundary problem : 

2@w’ +@wQw = 0 

@“‘(O) = 0 W’“‘(0) = 0 W”“‘(0) = 0.33206 
- 

(WO’(co) = 1) 

2F”‘O’ +@O,F’(O) = 0 

F”‘(0) = 1 F”“(O) = 0.33206 @““‘(co) = 0). 

(13) 

(2) Determining @ at the kth iteration : 

25’3 +2~F’k-“+pF’k-I))~“‘(k) 

+ (1 + 2,7F’k- I))@)@‘@) 

-pB (k-11)~~(k-11)~(k--l)+2~c(P_P)~(k-,)F’(k-,) = 0 

@W(O) = _&w-l) (0) @“k’(O) = 0 w’ym) = 1 

(14) 

1 0 0 0 0.332 0.332 
2 0.3 0 0 0.301 0.299 
3 -0.3 0 0 0.373 0.372 
4 0.3 0.15 0 0.356 0.187 
5 0 0.15 0 0.379 0.198 
6 -0.3 -0.15 0 0.329 0.531 
7 0.3 0 0.2 0.264 0.292 
8 0 0 0.2 0.290 0.322 
9 -0.3 0 -0.2 0.447 0.386 

10 0.3 0.15 0.2 0.320 0.187 
11 0 0.15 0.2 0.340 0.198 
12 -0.3 0.15 0.2 0.362 0.211 
13 0 -0.15 0 0.280 0.446 
14 0 0 -0.2 0.394 0.343 
15 0 -0.15 -0.2 0.347 0.469 
16 -0.3 -0.15 -0.2 0.417 0.558 

are shown in Table 1. for different values of 0, p 
and /i. They are obtained by 3-4 iterations. The mass 
transfer rate in gases can be determined from data in 
Table 1. In order to do this equations (5) and (8) are 
introduced into equation (3) : 

oh = 5 = 2Pe’I’&“(O) Re = $. (17) 
UO LJO 

The results obtained in Table 1 show that (Fig. 1) 
the dependence of W’(0) and P(O) from 0, p and p is 
monotone. The change in viscosity, ,!I, practically does 
not influence the mass transfer rate (I;‘(O)), while the 
influence of the density p is 6-7 times greater than the 
non-linear mass transfer (0). 

while the value of W@)(O) is varied till the condition MASS TRANSFER IN LIQUIDS 
W@)(6) = 1 is reached with accuracy 10-3. 

(3) Determining Fat the kth iteration The thickness of laminar and diffusion boundary 
layers in liquids are of different order of magnitude, 

2(1 +,+k- I))j?“r(k) +2(jjp’“-I’)2 +@,ck,F”k’ = 0 so two specific scales should be taken into account : 

Fck'(0) = 1 Fck'(co) = 0 (15) 6,=E &=E +&/'. (18) 

while F’@)(O) is varied till F")(O) = 0 with the accuracy 
10-3. Considering these two scales, the following dimen- 

(4) The calculation procedure (from step 2 of the sionless variables should be introduced 

algorithm) is repeated until a result confirming : X = 1x y = 6, Y, = d2Y2 

/ w(yO)-w(k-‘yO) 1 < 10-3 24 = uoU,(X Y,) = uoU2(X Y2) 

pk’(O)-F(~-‘yo) 1 < 10-3 (16) u = u,~V,(X. Y,) = U,$V,cX, Y,) 

is obtained. c = c,+Ac,C,(X, Y,) = c,+Ac,C,(X, Y,) (19) 

The integration of equations (13)-(15) is done where 
numerically with a step h = 10m2 in the interval 
0<‘1<6. 

Y, = EY, 

The results for W’(0) and F(0) in the case of SC = 1 U*(X Y,) = u,(X,E-‘Y2) U,(X, Y,) = u,(x,EY,) 



Gas 

8 41v, =- 1 (~,;~I--~,) 42v2 =Aweh) 
2Jx 2Jx - 

Cl = F,(?,) G = f-2h) q2 = &VI (22) 

while for $J, $ and o we can use linear approxi- 
mations : 

0 
-~@,W,F',+~(/I-#-D',F; =0 

2(1+~F2+~F,)F;+2(~+L3)F;2+@2F; =0 

a2(0)= --OF;(O) W,(O)= 0 W,(a)= 1 

I [I F' o 
Fig. 1. Influence of the high concentrations through the 
viscosity (p) and density (p), and the influence of the large F,(rl,) = f’2(v2) = F2(v,) F’;(R) = &@I,) 

concentration gradients (0) on the hydrodynamics (W’(0)) 
and the mass transfer (F’(O)) in gases. @,@I,) = &@I (VI) = &@I (E-572) 

a2(o) = E@,(O) = -tlF;(O). (25) 

V,(X, Y,) = EV,(X,&-‘Y2) V,(X, Y,) = EC’V*(X,EY,) 
The problem (25) can be directly solved using the 

following algorithm : 
G(X, Y2) = c,w,E-‘y2) C,(X, Y,) = G(x,&y,). 

(20) 
(1) Determination of the zeroth approximations of 

@,(q,) by integration of the equation : 
In new variables the problem obtains the following 

form : @ r@) +@\o'@;"o' = 0 I 

cP{')(O) = 0 W,'"'(O) = 0 W,'"'(co) = 1 (26) 

@“‘(q2) = E@\~)()I,) ~2 = m/l 0 <q, < 6. (27) 
x, = 0 u, = u, = 1 c, = c, = 0 

Y, = Y, =o u, = u, =o c, =c, =o 
(3) Determination of the zeroth approximations of 

F2(v2) by integration of the equation. 

3+c* 
‘7 =_,a*c 

2 i I F;(o) +@‘F;‘O’ = 0 F$"(O) = 1 F$')(co) = 0 

“ay2 42 (28) 

Y, = Y2 + co u, = u, = 1 c, = c2 = 0. (21) with a step h, = 0.06 in the interval 0 < q2 < 60. In 
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The boundary problem can be expressed by the 
following similarity variables : 

4,=l+plG: I(/i=l+pFj w;=l+dFi i=1,2. 

(23) 

In new variables equation (22) obtains the following 
form : 

2(1+2/P, +~F,)@;'+(l+2pF,)@,@; 

where 

F2(0)= 1 F2(co)=0 (24) 

with a step h, = 0.06/~ in the interval 0 < v, < 6. We 
should vary a’, (‘) until condition Oio, (‘I > 0.999 is 
satisfied. 

(2) Determination of the zeroth approximations of 
@2(rl2) : 
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order to do this F;@)(O) is varied until condition Table 2. Comparison data for the momentum transfer 

F$$,, < 0.001 is satisfied. (W’(0)) and the mass transfer (F’(O)) at the high con- 

(4) Determination of the zeroth approximations of 
centrations (effects due to density (p # 0), viscosity (ji # 0) 

Ft(nr) and F’I (~1) : 
and diffusivity (D # 0)) and large concentration gradients 

(0 # 0) in liquids 

F$“(t/,) = Fi”‘(q2) = F$‘)(qJ 

F’,“‘(q,) = ~F;(‘)(tj~) = EF;(‘)(E~J,). (29) 

(5) Determining @,(q,) at the kth iteration : 

~(~+~PFP-“+FF~-“)~;‘“’ 

+(I +.&jF\“-“)@\~‘@;(~, 

_p~lk-l)~~(k-1)F;(k-1)+2(~_~)~;(~-0F;(&-’) =O 

@,I”‘@) = -$-“(I)) 

aq’“‘(0) = 0 w,yal) = 1 (30) 

while the value of @y@)(O) is varied till the condition 
W,(“)(6) > 0.999 is reached. 

(6) Determining (P2(nJ at the kth iteration : 

(D$"'(Q) = &f)(tjI) = E@~)(E-'~J~) 0 < q2 < 60. 

(31) 

(7) Determining F,(qJ at the kth iteration with a 
step h, in the interval 0 < q2 < 60 : Liquid 
~(~+PFP-“+BFP-“)F;‘~’ 

+2@+D)(F;‘“-“)* +@k’F;“’ = 0 

Fik'(0) = 1 F$k'(co) = 0 (32) 

while the value of F;@)(O) is varied till the condition 
F{“‘(6) G 0.001 is satisfied. 

(8) Determining F,(q,) and F; (q,) at the kth iter- 
ation : 

F\k'(ql) = Ff'(qz) = Ff)(qJ 

F;@'(ql) = EF;@)(~~) = EF;(~)(E~~) 

Odu, <6. (33) 

(9) The calculation procedure (from step 5 of the 
algorithm) is repeated until result confirming : 

(cp;“‘(o)-cb;‘~-“(o) ( < IO-3 

I F;‘“(0)-F;‘k-‘yO) ( < 10-3 (34) 

is obtained. 

-012 

The results obtained for @y(O) and F;(O) at E = 10 
and for different values of 6, p, ,Q and LJ are shown in 
Table 2. They are obtained with 3-4 iterations. The 
mass transfer rate in liquids can be determined from 
data in Table 2. In order to do this equations (20) and 

-0,4 

F;bl 
(23) are introduced into equation (3) : Fig. 2. Influence of the high concentrations through the 

St = 2(1 +~)Pe"*F;(O). 
viscosity (p) and density @) and diffusivity (a), and the 

(35) influence of the large concentration gradients (6) on the 

The results obtained in Table 2 show (Fig. 2) that 
hydrodynamics (W(0)) and the mass transfer (F’(0)) in 

liquids. 

SC = 100 
No. 0 ? P d W(0) -F’(O) 

1 0 0 0 0 0.332 0.332 
2 0.03 0 0 0 0.330 0.176 
3 -0.03 0 0 0 0.334 0.206 
4 0 0.15 0 0 0.397 0.194 
5 0 -0.15 0 0 0.201 0.181 
6 0 0 0.2 0 0.272 0.186 
7 0 0 -0.2 0 0.418 0.194 
8 0 0 0 0.30 0.332 0.192 
9 0 0 0 -0.30 0.332 0.186 

10 0.03 0.15 0.2 0.30 0.272 0.177 
11 -0.03 0.15 0.2 0.30 0.275 0.200 
12 0.03 -0.15 -0.2 -0.30 0.243 0.164 
13 -0.03 -0.15 -0.2 -0.30 0.247 0.206 
14 0.3 0 0 0 0.318 0.135 
15 -0.1 0 0 0 0.342 0.268 
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the influence of density p and viscosity ,ii on the hydro- opportunity to analyze the hydrodynamic stability of 
dynamics (@y(O)) is analogous to that one in the case the flow. 
of gases, while this influence on the mass transfer rate 
(F;(O)) is practically insignificant. The change in 
diffusivity d does not affect (D; (0) as well as F; (0). 1, 

RESULTS AND DISCUSSIONS 

The theoretical analysis of the influence of high “ 
concentration gradients of transferred substance on 
the hydrodynamics (W’(0)) and mass transfer (F’(0)) 
through the concentration dependencies of density 3. 
(p), viscosity (F) and diffusivity (a) show that : 

the change in the density with the concentration 4, 
influences the hydrodynamics in gases and liquids 
and does not influence the mass transfer in gases ; 
the change in the viscosity with the concentration 
influences the hydrodynamics in gases and liquids 5 
and the mass transfer ; 
the change in the diffusivity with the concentration 
does not influence the hydrodynamics and the mass 6. 
transfer. 

These results show that the non-linear theory on 7. 
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mass transfer at the constant values of density, vis- 
cosity and diffusivity [l-7] has enough accuracy for 8. 
gases and liquids if the density of transferred sub- 
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the gas mixture. That is why we can considerably 
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intensive interphase mass transfer. The data for the 
velocity field in the laminar boundary layer give the 35-39 
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