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Abstract—The theoretical analysis about the influence of high concentration and large concentration
gradients on the hydrodynamics and mass transfer in the approximations of the laminar boundary layer
has been done. The results obtained show that the change in the density with the concentration influences
the hydrodynamics in gases and liquids and does not influence the mass transfer in gases. The change in
the viscosity with the concentration influences the hydrodynamics in gases and liquids and the mass
transfer. The change in the diffusivity with the concentration does not influence the hydrodynamics and
the mass transfer. It has been clearly seen that the non-linear theory on mass transfer at the constant values
of density, viscosity and diffusivity has enough accuracy for gases and liquids, if the density of transferred
substance is not sufficiently different from the density of the gas mixture. © 1997 Elsevier Science Ltd.

INTRODUCTION

The influence of the large concentration gradients on
the mass transfer kinetics and hydrodynamic stability
of systems with intensive interphase mass transfer has
been investigated in a number of papers [1-8]. It has
been shown that under these conditions secondary
flows are induced directed normally to phase bound-
ary. They change the mass transfer rate and the critical
Reynolds numbers for the transition from laminar to
turbulent flow in the boundary layer. All these results
were obtained assuming that the density, the viscosity
and the diffusivity do not depend on the concentration
of the transferred substance, i.¢. only the effect of large
concentration gradient was researched. Examining
these cases one can find that the concentration of the
transferred substance can be significantly high and
this should lead to an additional effect, i.e. to the
combined effect due to the effect of high con-
centrations and the effect of the large concentration
gradients.

MATHEMATICAL MODEL

The mathematical model considers mass transfer in
the boundary layer in the case of a stream flow along
a semi-infinite plate, without limitations to con-
centration and its gradient. Under these conditions
the mathematical model takes the following form [9]:

o, o) of o
P u6x+vt3y oy “6y
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P+ 5;(00) =0
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x=0 u=u, c=c¢,
MDp*@(c)
=0 u=0 v=— —| - =c*
7 et oy\p
Y0 U=Uy C=Cp (1)

where p* = p¥+ Mc* and p, u, D depend on the con-
centration :

p=p() p=ul) D=D(). (2

The mass transfer rate can be expressed by the mass
transfer coefficient. We will define this rate from the
average diffusion flux, trough surface with the specific
length /:

J=k(c*~c¢,) = %JID(g—}c) dx. 3)

The thickness of diffusion boundary layer in gases and
liquids is of different order of magnitude. That is why
we use different numerical algorithms.

MASS TRANSFER IN GASES

The thickness of laminar and diffusion boundary
layers in gases is of the same order of magnitude, so
one characteristic scale can be applied :

5o = [P, )

Uo
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NOMENCLATURE

¢ concentration x coordinate

D diffusivity y coordinate.

J mass transfer rate

k mass transfer coefficient Greek symbols

/ specific length of the interface H viscosity [N.s m ]
Sc Schmidt number p density [kg m™3].
Sh Sherwood number

Pe Peclet number Indices

u velocity in x-direction 0 initial values

v velocity in y-direction * on the interface.

The problem (1) can be expressed in the te of

problem (1) can be exp msofthe o _op) F=Fo) n=— o'=92

following dimensionless variables :

x=1X y=6,Y
do
u=uU v=u07V c=co+(c*—c)C. (5)

Introducing equation (5) into equation (1) leads to
the following equations

oU oU o/ oU
0 0
33 @+ 55(01) =0

ac ac 0 oC
¢<U5X/ + Vﬁ) = 5?(4)(0_57')

Yoo U=1 C=0 6)

where
Acy
Mp; sMa(l) p* = pod(1)

Pt = pop(1) —Mc*

0 =

Ho
poDy

¢ =¢(C)=plps ¥ =¥(O) = uluo
o = o(C) = D/D,
PO =1 Y0 =1 w0=1 M

The solution of the problem (6) can be obtained
after introducing the similarity variables:

Sc =

Acy = ¢*—cy

1
U =@ ¢V=—X(d>’n—(l>) C=F

N

JX dn

Hence, directly from equation (6) we can obtain the
following :

2Sed* Y@’ + H*DD" — pd' OO F’
+2Sch(py’ — o Y)Q"F’
—2Sc¢’(pY' =29 )@ F? =0
200F" +2(¢’'0+ ¢ Y)F > +OF =0
®0) = —0F'(0) 0 =0 D(0)=1

Acop() —c*¢'(1)

O =1 Acad(D)

Floo) =0 =20,

®

The functions ¢, ¥ and o in equation (9) are set
outwardly by spline approximations of experimental
dependencies of p, ¢ and D from ¢. For a wide range
of gas mixtures these functions can be obtained with
enough accuracy through a linear approximation

¢=1+pC Y =1+aC w=1+DC. (10)

The introduction of equation (10) into equation (9)
leads to following equations

28e(1+4 pF)*(1 + gF)®" + (1 + pF)* @d"
—p(1+ pFYOD'F' +2Sc(1 + pP)[a(l + pF)
—p(1+aR]@"F —2Scpla(l + pF)
—2p(1+aP)®'F?* =0
2(1+pF(1+ DR F" +2[p(1+ DF)
+D(1+pF)F*+®F =0

0 =20, ————. (11
p

The parameters p and & in equation (11) are small,
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while D = 0. Omitting the square terms regarding Table 1. Comparison data for the momentum transfer

small parameters p and i leads to:

28c(1+2pF+ aF)®" + (1 + 2pF)dd"
—pOD'F +2Sc(a—p)®'F =0
200+ pFF" +2pF? +®F =0

D0) = —0F(0) P0)=0 P'(0)=1

F0)=1 F(co)=0. (12)

The problem (12) can be solved conveniently using
the following algorithm :

(1) Determination of the zeroth approximations of
® and F by solving the boundary problem :

2@;;/(0)_*_(1)(0)(1)"(0) =0
V) =0 () =0
@ (c0) = 1)

2F7O +(I)(0)Ff(0) =0

"©(0) = 0.33206

FO@O) =1 F©(0)=033206 (F(c0)=0).

(13)
(2) Determining ® at the kth iteration:

2Se(1+2pF* D 4 gF*= )@ ®
+(14+2pF* )00 ®
— pOE D@D Frl=1) L S — YD E-DFIE=1 = @
OW(0) = —OF*~D(0) DP0) =0 B (o) =1
(14

while the value of ®®(0) is varied till the condition
®"®(6) = 1 is reached with accuracy 107>,
(3) Determining F at the kth iteration

2(1+ﬁF(kAI))Fﬂ(k)+2(ﬁF/(k~—]))2 +(I)(k)F/(k) — O
1s)

while F'®(0) is varied till F¥(0) = 0 with the accuracy
1073

(4) The calculation procedure (from step 2 of the
algorithm) is repeated until a result confirming :

FP0) =1 F®(c0) =0

[q)u(k)(o)_q)ﬂ(kr})(o)l < 10——3

|F®0)— F“~1(0)| < 1073 (16)

is obtained.

The integration of equations (13)-(15) is done
numerically with a step £ =102 in the interval
0<n<e.

The results for @”(0) and F(0) in the case of Sc = 1

(®"(0)) and the mass transfer (F'(0)) at the high con-

centrations (effects due to density (p # 0) and viscosity

(1t # 0)) and large concentration gradients (8 # 0) in gases

Sc=1
No. 0 p I 7(0) —F(0)
1 0 0 0 0.332 0.332
2 0.3 0 0 0.301 0.299
3 —-03 0 0 0.373 0.372
4 0.3 0.15 0 0.356 0.187
5 0 0.15 0 0.379 0.198
6 -0.3 —0.15 0 0.329 0.531
7 0.3 0 0.2 0.264 0.292
8 0 0 0.2 0.290 0.322
9 —-0.3 0 -0.2 0.447 0.386
10 0.3 0.15 0.2 0.320 0.187
11 0 0.15 0.2 0.340 0.198
12 -0.3 0.15 0.2 0.362 0.211
13 0 —-0.15 0 0.280 0.446
14 0 0 —-0.2 0.394 0.343
15 0 ~0.15 -0.2 0.347 0.469
16 -0.3 —0.15 -0.2 0417 0.558

are shown in Table 1. for different values of 6, p
and . They are obtained by 34 iterations. The mass
transfer rate in gases can be determined from data in
Table 1. In order to do this equations (5) and (8) are
introduced into equation (3):

uyl

ki
=& opelr ot
Sh=p. = 2Pe*F(©) Re=7.

0

a7

The results obtained in Table 1 show that (Fig. 1)
the dependence of ®”(0) and F”(0) from 6, p and it is
monotone. The change in viscosity, [, practically does
not influence the mass transfer rate (F”(0)), while the
influence of the density p is 6-7 times greater than the
non-linear mass transfer (6).

MASS TRANSFER IN LIQUIDS

The thickness of laminar and diffusion boundary
layers in liquids are of different order of magnitude,
so two specific scales should be taken into account :

/ Dyl 6
b= [F b= [ Sog=Scn (18)
Polly Uy 0,

Considering these two scales, the following dimen-
sionless variables should be introduced

x=IX y=6,Y,=6,Y,
u=uU,(X,Y,) = u,Uy(X, Y>)

o 4
o=t Vi(X.Y) =t Va(X, Y2)

c=co+AcCi (X, Y)) = g +Ac (2 (X, Y,)  (19)
where
Y, =¢Y,

U,X, Y,) =Ui(X,e7'Y,) U, Y) = Uy(X,¢Y))
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Fig. 1. Influence of the high concentrations through the

viscosity () and density (p), and the influence of the large

concentration gradients (6) on the hydrodynamics (®”(0))
and the mass transfer (¥7(0)) in gases.

VX, X)) =eVi(X,e 'Y, Vi(X,Y) =¢ 'V, (X,eY)

G, Y,) = Cl(X,E_l ) QX Y) = C(X,eYy).
(20)

In new variables the problem obtains the following
form:

U, | U\ _ 8 [, oU,
¢‘<U‘ ox +V‘aY.>‘aY,<'/”aYl>

2 2

SO U+ 5561V =0

ac,\ o ac,
& an) - E(‘bz“’z an)

C,=C =0

0,36
&2 26X+

X,=0 U =U,=1
Y,=Y,=0 U,=U,=0 C, =C,=0

Co

v o _a_AC+C2
) AN
Y,=Y,-»oo U=U,=1 C,=C,=0. @21n
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The boundary problem can be expressed by the
following similarity variables:

O Uy =01(m) .U, = O4(n,)
n Y, Y,

= - r’ e

1 \/} 2 \/}

1 1
OV =——=@ 1 =) ¢V, =——= (@1, —D,)

2/x /X

Ci=F0m) Cy=F(n) n =en

(22)

while for ¢, ¥ and w we can use linear approxi-
mations:
¢ =1+pF, Y, =1+4F, w,=1+DF, i=1,2.

(23)

In new variables equation (22) obtains the following
form:

2(1+2pF, + aF O + (1+25F)®, @)
—pP D Fi+2(a—p)01 F =0
2(1+pF,+DF,)F;+2(p+D)F5°> +®,F, =0
®,(0) = —0F,(0) ®7(0)=0 @)(c0) =1
F,(0)=1 F,(0)=0 (24)

where

Fi(n)) = F,(n2) = Fa(emy)  Fi(my) = eFy(emy)
®,(n,) = e®,(n,) = e, (e '12)

D,(0) = e®,(0) = —6F(0). 25)

The problem (25) can be directly solved using the
following algorithm :

(1) Determination of the zeroth approximations of
®,(n,) by integration of the equation:

olr//(0)+d)(10)¢lll(0) =0

2P0)=0 ®V0)=0 ®V(cc)=1 (26)
with a step A, = 0.06/¢ in the interval 0 < n, < 6. We
should vary ®;© until condition ®,® > 0.999 is

satisfied.
(2) Determination of the zeroth approximations of

Dy(1) :

V() = e®P(my) m=en 0<n <6. (27)

(3) Determination of the zeroth approximations of
F,(n,) by integration of the equation.

F(0) =0
28)

FO4+0Q F,® =0 FO0) =1

with a step 4, = 0.06 in the interval 0 < 1, < 60. In
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order to do this F5,¥(0) is varied until condition
FQ) < 0.001 is satisfied.

(4) Determination of the zeroth approximations of
Fi(m) and Fi(n,):

FOm) =FPm,) = Fgo)(erh)
FiO(m) = eFyO(n) = eFy (em).
(5) Determining ®,(#,) at the kth iteration:

29)

2(1‘+’2pF(|k_l)+ﬂF(|k_]))(D;”(k)
+(1+2pF¢D)oP o7
‘ﬁ(b(lk'”d)'] (k—I)F/1 (k—1)+2(ﬂ_p-)q>l]l(k—l) F',(k_') =0

0
OO = —~F;*00)

®,00) =0 @,P(0) =1 (30)

while the value of ®;®(0) is varied till the condition
@7 ®(6) > 0.999 is reached.
(6) Determining ®,(y,) at the kth iteration :

O (n,) = e®P(n)) = edP (e ') 0 <7, < 60.
€2

(7) Determining F,(n,) at the kth iteration with a
step A, in the interval 0 < 7, < 60:

2(1+pF§~"+ DFE= D)3 ®
+2(+D)(F* ") + 0P F,® =0
FPO) =1 FP(w) =0 (32)

while the value of F3,%(0) is varied till the condition
F®(6) < 0.001 is satisfied.

(8) Determining Fi(n,) and Fi(n,) at the kth iter-
ation :

FP@m) = FP(n,) = FP(en,)
Fi®(n) = eF,®(n,) = eF3® (en,)
0<n <6. (33)

(9) The calculation procedure (from step 5 of the
algorithm) is repeated until result confirming :

[@190)—7*~D(©0)] < 1073
| F3®0)—F;%="0)| < 107? (34)
is obtained.

The results obtained for ®{(0) and F5(0) at ¢ = 10
and for different values of 6, p, i and D are shown in
Table 2. They are obtained with 3—4 iterations. The
mass transfer rate in liquids can be determined from
data in Table 2. In order to do this equations (20) and
(23) are introduced into equation (3):

Sh = 2(1+ D)Pe'* F,(0). (3%)
The results obtained in Table 2 show (Fig. 2) that
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Table 2. Comparison data for the momentum transfer
(®"(0)) and the mass transfer (F'(0)) at the high con-
centrations (effects due to density (p # 0), viscosity (i # 0)
and diffusivity (D # 0)) and large concentration gradients

(8 # 0) in liquids
Se = 100

No. 8 P B D o"(0) —F'(0)

1 0 0 0 0 0.332  0.332

2 0.03 0 0 0 0.330 0.176

3 -003 0 0 0 0.334  0.206

4 0 0.15 0 0 0.397 0.194

5 0 —-0.15 0 0 0.201 0.181

6 0 0 0.2 0 0.272 0.186

7 0 0 —-0.2 0 0418 0.194

8 0 0 0 030 0332 0.192

9 0 0 0 —030 0332 0.186
10 0.03 0.15 0.2 030 0272 0.177
11 —-0.03 0.15 0.2 030 0.275 0.200
12 003 -015 —-02 ~030 0243 0.164
13 -003 —~015 -02 —-030 0247 0.206
14 0.3 0 0 0 0.318 0.135
15 -0.1 0 0 0 0.342  0.268

Liquid
U] [O]
1

Fig. 2. Influence of the high concentrations through the

viscosity (fi) and density (p) and diffusivity (), and the

influence of the large concentration gradients (6) on the

hydrodynamics (®”(0)) and the mass transfer (F'(0)) in
liquids.
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the influence of density p and viscosity & on the hydro-
dynamics (®7(0)) is analogous to that one in the case
of gases, while this influence on the mass transfer rate
(F5(0)) is practically insignificant. The change in
diffusivity D does not affect ®](0) as well as F(0).

RESULTS AND DISCUSSIONS

The theoretical analysis of the influence of high
concentration gradients of transferred substance on
the hydrodynamics (®”(0)) and mass transfer (F'(0))
through the concentration dependencies of density
(p), viscosity (&) and diffusivity (D) show that:

e the change in the density with the concentration
influences the hydrodynamics in gases and liquids
and does not influence the mass transfer in gases;

e the change in the viscosity with the concentration
influences the hydrodynamics in gases and liquids
and the mass transfer;

e the change in the diffusivity with the concentration
does not influence the hydrodynamics and the mass
transfer.

These results show that the non-linear theory on
mass transfer at the constant values of density, vis-
cosity and diffusivity [1-7] has enough accuracy for
gases and liquids if the density of transferred sub-
stance is not sufficiently different from the density of
the gas mixture. That is why we can considerably
simplify the models of mass transfer in systems with
intensive interphase mass transfer. The data for the
velocity field in the laminar boundary layer give the

CHR. BOYADIJIEY and I. HALATCHEV

opportunity to analyze the hydrodynamic stability of
the flow.
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